A simple Monte Carlo high-temperature expansion method to evaluate the partition function of quantum spin systems which was proposed in the previous paper l ) is improved so that all of the needed expansion-coefficients are obtained from interpolating points of less than ten with an interpolation formula. By this improvement, this method is applicable to the finite spin-systems of rather large spin size regardless of dimensionality of the system. As an example, the method is applied to the one-dimensional spin-l/2 isotropic Heisenberg ferromagnetic system. § 1. Introduction A Monte Carlo method for the spin-I/2 quantum Heisenberg system was originally proposed by Handscomb 2 ) more than twenty years ago. Since then this method has been put aside for nearly twenty years. Recently a practical scheme for this method was improved by Lyklema,3) who showed that it was possible to perform accurate calculations of the one-dimensional quantum Heisenberg ferromagnet at low temperatures. The method improved by Chakravarty and Stein,4) was also applicable to the spin-I/2 quantum XY-spin systems. Further the method, improved by Lee et al.,5) was applied to the antiferromagnetic quantum Heisenberg spin systems. The other one, developed by Suzuki,6) is to use the generalized Trotter formula and map the quantum systems of d dimension into the classical systems of (d + 1) dimensions.
§ 1. Introduction A Monte Carlo method for the spin-I/2 quantum Heisenberg system was originally proposed by Handscomb 2 ) more than twenty years ago. Since then this method has been put aside for nearly twenty years. Recently a practical scheme for this method was improved by Lyklema,3) who showed that it was possible to perform accurate calculations of the one-dimensional quantum Heisenberg ferromagnet at low temperatures. The method improved by Chakravarty and Stein, 4) was also applicable to the spin-I/2 quantum XY-spin systems. Further the method, improved by Lee et al., 5) was applied to the antiferromagnetic quantum Heisenberg spin systems. The other one, developed by Suzuki, 6 ) is to use the generalized Trotter formula and map the quantum systems of d dimension into the classical systems of (d + 1) dimensions.
While these methods are theoretically founded, they seem to take much computing time even with a modern fastest computer which makes difficult to derive numerically accurate results at sufficiently low temperatures for a system of reasonable spin size. Contrary to these works of technical complexity, recently Homma, Matsuda and Ogita 7 ) have proposed a decoupled cell method which may be considered as a direct extension of the classical simulation method. Though the method can be applicable to a rather large system without much of computing times the method seems to have a difficulty in application to low temperatures.
Different from these our method, based on the high-temperature expansion, is to evaluate the expansion coefficients and to the partition function accurately as well as directly. In a previous short note!) we proposed a simple Monte Carlo method to evaluate expansion coefficients and obtained unexpectedly precise numerical results for a linear Heisenberg ferromagnet of 10 spins. To derive the results the coefficients up to the hundredth power in inverse temperature were computed. A straightforward application of the method to a larger system, however, takes increasing computing times, since more and more expansion terms must be taken into account. . In order to overcome the difficulty we improve the method in the following way. First we evaluate several specified coefficients with the Monte Carlo method as in Ref 1) . N ext the rest of coefficients are computed with use of an interpolation formula. In the present paper the method is applied to one-dimensional Heisenberg system of spin 1/2 for spin size N=10, 20, 30 and 128, and the efficiency and accuracy of the method are examined in detail. As will be seen in later section, for N = 128, in order to get precise temperature dependences of thermodynamic quantities, particularly susceptibility, more than ten thousand expansion terms must be taken into account. The method makes it possible to compute so many expansion terms without difficulties. Our results suggest that the method is applicable to systems of even larger spin size at sufficiently low temperatures regardless of the dimensionality of the systems. In these respects our method is quite different and superior to the usual Metropolis' scheme,8) including Handscomb's one.
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In the next section the formula for the partition function, expansion coefficients and thermodynamic functions necessary for computation are reviewed. In § 3, our method is described in detail. An application of our method to one-dimensional spin-1/2 isotropic Heisenberg ferromagnetic system is presented in § 4. Main results are summarized briefly in § 5. § 2. Partition function and thermodynamic quantities
Partition function
We consider the spin-1/2 isotropic Heisenberg systems of N spins. The Hamiltonian is given by
where (5 is the Pauli spin matrices, J( > 0) the coupling constant, /1-the magnetic moment, and H the external magnetic field in the z-direction. The summation in the first term is taken over the nearest neighbour spin sites i and j. The periodic boundary condition is assumed. Now let us define by (ij) the operator which interchanges the'spin states at sites i and j. Using the Dirac identity,9) (2) Hamiltonian (1) is given as (3) where Nb is the total number of the nearest neighbour bonds. The suffix b in (ibjb) is a bond-number which joins the sites ib and jb and the summation ~b is carried over Nb bonds. Shifting the zero of the energy by -(1/2)JNb, Hamiltonian (3) is given as (4) where j{o is the second term of Eq. (3) . The partition function can be expanded as (5) The expansion coefficient ar is given by (6) fP(Cr) can be written by
where (h) is the identical operator which maps a state at a site h on itself, that is, hI, hz, "', hs are integers indicating the sites of the lattices of which spin states are not interchanged. Cr represents any sequence of r bond-numbers bl, bz, "', br which are selected with repetition from the set {I, 2, "', Nb}, and the summation is carried out over all possible sequence Cr. Integers hI, hz, "', hs are all integers which are not included in (ibkjbk) (k=l, 2, "', r) . In this way the operator fP(Cr) can be uniquely determined by an r-tuple of these number bk's. Since fP(Cr) involves all of N integers from 1 to N, it becomes a permutation of order N and may be rewritten as (8) According to the theory of permutation group,IO) any permutation can be written as a product of independent cycles which have no common elements, that is, (9) where, for example, the cycle (hjz···jIJ is the cyclic permutation of the length II which maps jz~ jl, h~ jz, ''', jl ~ jll' Since the cycles have no common elements, they commute with one another. Therefore we can estimate A(Cr) as the product of partial traces of the form (10) where {".} is a 21 x 21 matrix. Since the operator (jnJn2,,·jn,) permutes cyclically the spin states among the different I sites, jnJ,jn2' ''',jn" only states lan1anz"an) and I (3nJ3nz " (3n,> contribute to the trace,3) where an} and (3n} denote up-spin and down-spin states on the site nj, respectively. Therefore the partial trace of the I-length cycle is given by (11) If the operator fP( Cr) is expressed by the product of the cycles with l./J unit cycles, 1/z 2-cycles, and so on, a trace A(Cr) in Eq. (6) is given by
where v's must satisfy
Iv1+2vz+3v3+···+lvI+··:+NvN=N.
For zero-magnetic field Eq. (12) reduces to
where k( Cr)( = ~r=1 VI) is the number of independent cycles.
Thermodynamic quantities
The thermodynamic quantities are derived by differentiating the partition function Z. The entropy, internal energy and specific heat are given by
where r=kBT/], L=/-lH/kBT and q is the coordination number of the lattice sites. The magnetization and susceptibility are given by
The expansion coefficients of Z, aZ/aL and azz/av are summarized as follows. For
and for
s. Kadowaki and A. Ueda 
In case of zero-magnetic field Eq. (25) reduces to (26) where ))'s must satisfy Eq. (l3). § 3. Computation of the expansion coefficients
Our method of computing the expansion coefficients ar, br and dr consists of two steps. First coefficients of specified terms are computed with a Monte Carlo method. N ext coefficients other than these are evaluated by interpolation with a formula of a rational function.
Since the expansion coefficients ar, br and dr are the sums over all of Nb r terms A(Cr), B(Cr) and D(Cr), respectively, it is prohibitive to compute all of the terms even with a modern fastest computer. We, therefore, evaluate ar, br and dr with the Monte Carlo method in the following way. We choose r integers b1, bz, ••• , br randomly with repetition from the set {1, 2, ... , N b }. From this sequence we construct P( Cr) as given by Eq. (7) and compute A( Cr). Repeating the procedure Ns times, we obtain the mean value, Ar, of A(Cr) and hence the MC value, a;, of ar both given by (27) where ~MC stands for the summation over Ns Monte Carlo samples. In the same way br and dr are obtained. A crucial point of the present evaluation depends on how many samples are required to obtain reasonably pr~cise values. As will be shown in the next section, 10 6 ~ 10 7 samples give unexpectedly precise values of thermodynamic quantities for N;S 100 (see Tables IV and vI) and for sufficiently low temperatures. There is an evidence that with increasing N and/or r the number of samples can be reduced. Suppose, in this way, we have computed Ar for sepecified r 's, rl, rz, ... , rM. In the second step we evaluate Ar for any r less than rM by interpolation. Since In Ar /N( = Yr) is found to be a monotonically decreasing function of r/N( =Xr)*) we assume, as an interpolation formula, a rational function approximation, this is (28) where ao=l and m+n+1=M. M constants aI, ... , (Jm are determined by solving linear simultaneous equations *) We computed every coefficient A, (and also Dr) from the first term to several ten-th term for N = 10, 20 and 30. Then, plotting InA, /N as a function of r/N, we found out that these curves accurately reproduce the curves given by the interpolation described in the text.
We found for one-dimensonal system of N = 10, 20, 30 and 128 a choice of M =9 and m = n was the most favourable. Only nine coefficients (see Table I ) are precise enough to obtain thousands or more of expansion coefficients by the interpolation. This reduces computing times tremendously. § 4. Application
We have applied the method to one-dimensional systems of N=10, 20, 30 and 128 and examined in detail the accuracy and efficiency of the method. For the onedimensional systems Nb is equal to N. First we note that Ar( = arlN r ) takes the maximum value 2N at r=O, decreases rapidly and then gradually with r and tends to N + 1, the degree of degeneracy of the ground state, at r== (see Appendix). In order to see how the Me values Ar given by Eq. (27) 10 ( Table I , where the sampling times are given in parentheses. For two cases of N=128, Case (a) is used for calculation of each thermodynamic quantity and Case (b) is only applied for the checking of the convergency to the later-mentioned limit values of the expansion coefficient, the zero-point entropy and the zero-point energy (see Table V ). This supports the correctness of our method. N ow let us examine in detail the accuracy of our method by comparing computed thermodynamic quantities with those obtained by rigorous machine computation for N = 10. . Table III shows the values of the expansion coefficients Ar and Dr which are used for the interpolation. Ar almost converges to the limit value Aoo( = 11) at r = 200, slightly small values for r ~ 300 being due to a statistical error of the Monte Carlo method. Thermodynamic quantities which are obtained by taking into account the expansion terms up to r=2,000 (see also Table V) are summarized in Table IV where the values obtained by the rigorous computation are given in parentheses. Except for specific heat our result shows an excellent agreement with the rigorous computation. A relatively poor agreement for specific heat is caused by a cancellation in digits of terms in Eq. (17) which is given by a temperature derivative of internal energy. It is to be noted again that to derive these thermodynamic quantities only the I . .....1 account for calculation of the thermodynamic quantities. This, together with Table VI for temperatures kBT/l=1.00 to 0.02. For the calculation the expansion terms of Case (a) given in Table I are used for the interpolation of Ar and the terms up to r = 12,800 are taken into account as shown in Table V . For susceptibility, the recalculated values with use of [4, 5] Pade approximant given in Eq. (3'9) in the paper of Baker etal.
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) is also listed in the last column of Table VI. For kB T/l = 1.0 ~ 0.2, the agreement between both numerical values is satisfactory, but for kB T/l < 0.2, their value falls below ours. We believe that at these low temperatures the Pade approximant underestimates the susceptibility. This will be clearly seen from the later-mentioned exponent of a power-law divergence x~ T-r. Susceptibility values for N=128 obtained by Chakravarty and Stein 4 ) are 1.869±0.004, 2.328±0.007, 2.841±0.010 and 4.210±0.022 at kBT/l=1.0, 0.6, 0.4 and 0.2, respectively, which are in good agreement with ours. We obtained r = 1. 79 for N = 128(a) by a careful examination with a least-square method in the temperature range from kBT/l=0.02 to 0.10 or less. This value is comparable to r = 1.80 obtained by Bonner and Fisher ll ) who extrapolated to the infinite system. Also Lyklema 3 ) obtained r=1.75. The value 1.67 obtained by Baker et al.
) is smaller than these values. This is related to the deviation of their values from ours for lower temperatures as mentioned above. This discrepancy seems due to a fact that their Pade approximant which approximates the free energy in powers of reciprocal temperatures up to 21st terms does not fully take into account the effect of higher order terms as compared with our method. It is to be noted that if one carefully sees the log-log curve of XOkBT/N/i, the slop gradually decreases to kBT/l;;;;'0.02 below which the effect of the finite system size appears. This suggests that if one increases the system size the exponent r at very low temperatures is expected to increase further and likely to be close to 2.13) This remains to be examined. § 5. Summary
In the previous short note linear Heisenberg ferromagnet of 10 spins. However, so long as we have not anything to improve it, it is difficult to evaluate a lot of expansion coefficients up to very higher terms. Fortunately, we could overcome this difficulty by introducing the previously mentioned interpolation formula. By this improvement a lot of interpolated expansion coefficients up to very higher terms can be easily evaluated with use of less than ten interpolating data and then thermodynamic quantities up to very low temperatures can be precisely evaluated. This fact is clearly shown from an excellent convergency of our values to the limit values for coefficient Aoo, zeropoint-entropy and zeropoint-energy. Also we believe that the susceptibility exponent r=1.79 for N =128 is a reasonable value within the temperature range kBT/J=0.10~0.02. The temperature dependence shown in Fig. 6 suggests that the exponent r increases towards lower temperatures. But in order to determine the susceptibility exponent at temperatures lower than 0.02, we have to treat a system of a larger spin size. In this respect we give a few facts which we found for the one-dimensional system. The infinite series in Eq. (20), each term being approximated by N/ AT r-1/r!, giving the value of the partition function at temperature r have to be truncated after a certain finite number of terms as a matter of fact. Let rMax-th term be the term giving the maximum value at temperature r. Finding the values of the rMax'S at several r's for different system size N, and then tabulating rMax'S with respect to rand N, we found heuristically the following facts. First, rMax is roughly given by N/r. Second, in order to obtain numerically precise values of thermodynamic quantities at a temperature range not lower than r, it is sufficient to take the heighest power rM mentioned in § 3 about 2N/r. Third, we found that computational limitation arises when the product of rand Ns exceeds 10 9 ~ 10 10 , depending on a cost-performance. These facts give some information on the choice of the system size N. It seems r Downloaded from https://academic.oup.com/ptp/article-abstract/78/2/224/1893472 by guest on 13 December 2018 feasible to take N as large as 500. Finally we note that the present method can be applied to isotropic systems of arbitrary spin S with use of the Schrodinger exchange operator.
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